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MINIMAL FIELDS OF DEFINITION FOR GALOIS ACTION
HILAF HASSON
Abstract. LetK be a field, let G be a finite group, and let X¯ → Y¯ be a G-Galois branched cover of varieties
over Ksep. Given a mere cover model X → Y of this cover over K, in Part I of this paper I observe that there
is a unique minimal field E over which X → Y becomes Galois, and I prove that E/K is Galois with group
a subgroup of Aut(G). In Part II of this paper, by making the additional assumption that K is a field of
definition (i.e., that there exists some Galois model over K), I am able to give an explicit description of the
unique minimal field of Galois action for X → Y . Namely, if there exists a K-rational point of X above an
unramified point P ∈ Y (K) then E is contained in the intersection of the specializations at P in the various
different G-Galois models of X¯ → Y¯ over K. Using the same proof mechanism, I observe a reverse version of
“The Twisting Lemma”, which asserts that the behavior of the K-rational points on the various mere cover
models over K, and the behavior of the specializations on the various G-Galois models over K, are all gov-
erned by a single equivalence relation (independent of the model) on theK-rational points of the base variety.
MSC classes: 14H30, 14G05, 11S20, 12F12
1. Introduction
The focus of this paper is the descent theory of algebraic covers, and more precisely of G-Galois
branched covers. For a finite group G, a map of varieties (over a fixed field) is said to be a G-Galois
branched cover if it is finite, generically e´tale, and G acts freely and transitively on its geometric
fibers, away from the ramification.
Questions concerning the descent behavior of G-Galois branched covers arise naturally in Arith-
metic Geometry and Galois Theory. For example, an easy corollary of Riemann’s Existence Theo-
rem ([Gro61], expose´ XII) is that for every finite group G there exists a G-Galois branched cover
over P1
Q¯
. By Hilbert’s Irreducibility Theorem ([FJ08], Chapter 11), if this cover descends (together
with its group action) to a number field K, then G is realizable as the Galois group of a field
extension over K.
Every G-Galois branched cover has an associated field called the field of moduli (see Definition
2.7), which is the best candidate for being the unique minimal field of definition of the cover
(together with its Galois action), if one exists. Questions regarding the field of moduli have been
a vibrant area of research (see for example [Bec89], [Ray90] and [DD97]).
The field of moduli is contained in every field of definition of the G-Galois branched cover.
Furthermore, David Harbater and Kevin Coombes proved in [CH85] that (assuming the G-Galois
branched cover is given over Q¯) it is equal to the intersection of all fields of definition. It is important
to note that while the field of moduli may not be a field of definition of the cover together with its
Galois action, it was proven in [CH85] that it must be a field of definition of the cover as a mere
cover. (For more about the distinction between “field of definition as a G-Galois branched cover”
and “field of definition as a mere-cover”, see Definition 2.5.)
These two results motivate the question studied in this paper. Namely, let K be a field, let
X¯ → Y¯ be a G-Galois branched cover defined over Ksep, and let X → Y be a mere-cover model
(i.e., the model is not required to be Galois) of it over K. We ask the question: what can be said
about the minimal fields (or, as it turns out, field) L that contain K such that X ×K L→ Y ×K L
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is Galois? In view of the results in [CH85] cited above, the answer to this question informs our
understanding of the relationship between the field of moduli of the G-Galois branched cover, and
its minimal fields of definition. (For further discussion see Remark 3.7.)
In the situation above, let E be the intersection of all minimal fields of Galois action for the
mere-cover model X → Y . In Part I of this paper (specifically, Theorem 3.2), I observe that E
is itself a field of Galois action of X → Y , and I prove that E/K is Galois with automorphism
group a subgroup of Aut(G). As a corollary (Corollary 3.8) of this result, we see that the field of
moduli as a G-Galois branched cover is Galois over the field of moduli as a mere-cover, with group
a subquotient of Aut(G).
Part II of this paper continues to explore the unique minimal field of Galois action E of a
particular mere cover model X → Y of X¯ → Y¯ , but under the additional assumption that K is
a field of definition (together with the Galois action) of X¯ → Y¯ . (In other words, in addition to
the assumptions of Part I, we assume that there exists some G-Galois model of X¯ → Y¯ over K.)
Under this additional assumption, we are able to deduce a lot more about E. Namely, Theorem
4.7 says that if there’s a K-rational point of X above an unramified point P ∈ Y (K), then E is
contained in the the intersection of the fields induced by specializing at P in all of the different
G-Galois models of X¯ → Y¯ over K. (If the fiber over P is disconnected then by “the field induced
by specializing at P” I mean the Galois closure of any of its connected components; see Remark
4.4 for further details.)
The same mechanism that proves the main result of Part II also gives a result (Theorem 4.8)
that describes the behavior of the K-rational points on the various mere cover models over K,
as well as the behavior of the specializations of the various G-Galois models over K, by a single
equivalence relation (independent of the model) on the K-rational points of the base variety. One
can view this result as a reverse version of “The Twisting Lemma” (Lemma 4.13; see also [DG12]).
While Parts I and II of this paper explore the minimal fields of Galois action of a given mere
cover model, and therefore inform our understanding of minimal fields of definition over the field
of moduli (see Remark 3.7), in the appendix we stregthen a result that appeared in [CH85], and
construct a special field of definition (infinite over the field of moduli) for every G-Galois branched
cover. As a corollary of this result, we prove that for every finite group G there exists an extension
of number fields Q ⊂ E ⊂ F such that F/E is G-Galois, and E/Q ramifies only over those primes
that divide |G|.
2. Definitions and Notations
Notation 2.1. Let X be an integral scheme. We will use the notation κ(X) to denote the function
field of X.
Notation 2.2. For every field K we will use the notation Ksep to denote its separable closure.
Definition 2.3. Let X and Y be integral schemes. Assume that X is normal, and Y is regular. We
say that a map X → Y is a branched cover (or simply a cover) if the map is finite and generically
e´tale. Let B be the codimension 1 reduced induced subscheme of Y made up of the branching locus
of this map. (We will henceforth use the term the branch divisor to refer to this construction.) We
say that the branched cover is Galois if Aut(X/Y ) acts freely and transitively on the geometric
fibers over Y rB. We sometimes refer to branched covers as mere covers.
Let G be a finite group. A G-Galois branched cover is a pair (X → Y,Φ), where X → Y is
a branched cover that is Galois, and Φ is an isomorphism from Gal(κ(X)/κ(Y )) to G. (We will
sometimes abuse notation and say that X → Y is a G-Galois branched cover without mentioning
its associated isomorphism.)
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Let X → Y and X ′ → Y be two mere covers of Y . We say that they are isomorphic as mere
covers if there exists an isomorphism η : X → X ′ that makes the following commute:
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If the two mere covers are G-Galois branched covers, then we say that they are isomorphic as
G-Galois branched covers if there exists an isomorphism η as above that agrees with the given
isomorphisms of Gal(κ(X)/κ(Y )) and Gal(κ(X ′)/κ(Y )) with G.
Let L and K be fields, and let G be a finite group. If Spec(L)→ Spec(K) is a mere cover (resp.
G-Galois cover), then we say that L/K is a mere extension of fields (resp. a G-Galois extension of
fields).
Both the hypotheses of Part I (Hypotheses 3.1) and the hypotheses of Part II (Hypotheses 4.1)
will be based on the following setting.
Hypotheses 2.4. Let K be a field, let G be a finite group, and let (X¯ → Y¯ ,Φ) be a G-Galois
branched cover of normal, geometrically irreducible varieties over Ksep, where Y¯ is smooth. Assume
Y¯ descends to K, and let Y be a K-model of it. (Capital letters with a bar over them will
consistently denote varieties over separably closed fields.)
The remainder of this section will refer to the situation of Hypotheses 2.4.
Definition 2.5. Let E be a subfield of Ksep that contains K. Then we say that E is a field of
definition of X¯ → Y¯ as a mere cover if it descends to a map of E-varieties X → Y ×K E(=: YE).
(Any such X → YE is called an E-model, or a mere cover model over E, of X¯ → Y¯ .) We say that
E is a field of definition as a G-Galois branched cover if X¯ → Y¯ has an E-model that is Galois.
(Any such E-model is called a G-Galois model of X¯ → Y¯ over E.)
Notation 2.6. Let X → YE be a G-Galois model of (X¯ → Y¯ ,Φ). Note that Gal(κ(X)/κ(YE))
is naturally isomorphic to Gal(κ(X¯)/κ(Y¯ )), and that therefore X → YE comes equipped with the
structure of a G-Galois branched cover. In order to simplify notation we will denote the induced
isomorphism from Gal(κ(X)/κ(YE)) to G also by Φ.
Definition 2.7. The field of moduli of X¯ → Y¯ as a G-Galois branched (resp. mere cover) is the
subfield of Ksep fixed under the subgroup of Gal(Ksep/K) made up of the automorphisms σ that
take X¯ → Y¯ to an isomorphic copy of itself as a G-Galois branched cover (resp. mere cover):
X¯σ
Y ×K K
sep(= Y¯ )
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3. Part I - K is a Field of Definition as a Mere Cover
Throughout Part I we will often refer back to the following set of hypotheses.
Hypotheses 3.1. The same as Hypotheses 2.4, with the extra assumption that K is a field of
definition of X¯ → Y¯ as a mere cover.
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Theorem 3.2. In the situation of Hypotheses 3.1, let X → Y be a mere cover model of X¯ → Y¯
over K, and let E be the intersection of all of the overfields L of K such that the base change
X ×K L→ Y ×K L is Galois. Then the following hold:
(1) The base change of X → Y to E is already Galois.
(2) The field extension E/K is Galois, with Galois group isomorphic to a subgroup H of Aut(G).
(3) The field extension κ(XE)/κ(Y ) is Galois, with group isomorphic to G⋊H (where
Gal(κ(XE)/κ(YE)) ∼= G is the obvious subgroup of G⋊H, and where the action of H on G
is given by the embedding of H in Aut(G)).
(4) E is the intersection of Ksep with the Galois closure of κ(X)/κ(Y ).
It is well known, by Grothendieck’s theory of faithfully flat descent ([Gro60]), that the set of
mere cover models over K of X¯ → Y¯ that lie over Y , up to isomorphism of mere cover models, is
in bijection with the set H1(Gal(Ksep/K), G). In order to prove Theorem 3.2, we will look instead
at elements in Z1(Gal(Ksep/K), G), which can be identified with the sections of a certain short
exact sequence. The key to proving Theorem 3.2 is to study the relationship between properties of
elements in Z1(Gal(Ksep/K), G) and their respective mere cover models (Lemma 3.4). We proceed
now to make the above identifications explicit.
In the situation of Hypotheses 3.1, we have following diagram of fields:
κ(Y¯ )
Ksep
κ(Y )
K
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Since we assumed that K is a field of definition as a mere cover, it is in particular the field of
moduli as mere cover, which immediately implies that κ(X¯) is Galois over κ(Y ). (Compare with
Lemma 2.4 in [Bec88]; see also [Mat84].)
We, therefore, have a short exact sequence:
1→ G→ Gal(κ(X¯)/κ(Y ))
f
−→ Gal(Ksep/K)→ 1
The set of sections of f is in bijection with Z1(Gal(Ksep/K), G), and therefore each section
induces a mere cover model. To be explicit, let s be a section of f , and let F be the subfield
of κ(X¯) fixed by s(Gal(Ksep/K)). Since G ∩ s(Gal(Ksep/K)) = 1, the compositum F · κ(Y¯ ) is
equal to κ(X¯). Furthermore, K is algebraically closed in F . (In order to see this, note that it is
straightforward to see that the natural map G → Gal(κ(X¯)/κ(Y ))/s(Gal(Ksep/K)) is a bijection
of sets. Therefore the field F has degree |G| over κ(Y ). Since F · κ(Y¯ ) = κ(X¯), the field κ(Y¯ ) is
linearly disjoint from F over κ(Y ).) Therefore the normalization X of Y in F gives a mere-cover
model X → Y of X¯ → Y¯ over K.
It should be noted that different sections of f may induce isomorphic mere-cover models. There-
fore, we may wish to consider a slightly more coarse category.
Lemma 3.3. In the situation of Hypotheses 3.1, let
Ω := {F |κ(Y ) ⊂ F ⊂ κ(X¯), such that F · κ(Y¯ ) = κ(X¯), andK is algebraically closed inF},
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and let Ψ : Sec(f) → Ω be the map taking a section s to the fixed subfield of κ(Y¯ ) under
s(Gal(Ksep/K)). Then Ψ is a bijection.
Proof. This is a standard argument, and the proof is a straightforward generalization of Lemma
2.2.5 in [Bec86] (where this correspondence is stated in the particular case that Y is the projective
line over a number field). 
The following lemma gives a property for sections of f that corresponds to a mere-cover model
being Galois.
Lemma 3.4. In the situation of Lemma 3.3, let X → Y be a mere cover model of X¯ → Y¯ over
K. Then the following are equivalent:
(1) X → Y is Galois.
(2) There exists a κ(Y )-embedding ρ of κ(X) into κ(X¯) such that the image of Ψ−1(ρ(κ(X)))
commutes with G.
(3) For every κ(Y )-embedding ρ of κ(X) into κ(X¯), the image of Ψ−1(ρ(κ(X))) commutes with
G.
Proof. Let ρ be a κ(Y )-embedding of κ(X) into κ(X¯). Let s = Ψ−1(ρ(κ(X))). It suffices to show
that the image of s commutes with G if and only if X → Y is Galois. By definition X → Y is
Galois if and only if κ(X)/κ(Y ) is a Galois extension of fields, which, in turn, holds if and only if
ρ(κ(X))/κ(Y ) is a Galois extension. By Lemma 3.3, ρ(κ(X)) is the fixed subfield of κ(Y¯ ) under
the image of s. Therefore, by Galois Theory, the extension ρ(κ(X))/κ(Y ) is Galois exactly when
the image of s is normal in Gal(κ(X¯)/κ(Y )). Since Gal(κ(X¯)/κ(Y )) is the semi-direct product of
G with the image of s, this condition is equivalent to the image of s commuting with G. 
In order to prove Theorem 3.2 we require a group-theoretic lemma (Lemma 3.6).
Notation 3.5. Let g and h be elements in a group G. We use the notation hg to mean the
conjugation hgh−1.
Lemma 3.6. Let J and M be groups, and let I be a semi-direct product J⋊M . Let N be M∩CI(J),
where CI(J) is the centralizer of J in I. Then the following hold:
(1) N is normal in I.
(2) Let γ : M/N → Aut(J) be defined by taking mN to the automorphism j 7→ mj. Then γ is
well defined and injective.
(3) I/N is isomorphic to the semi-direct product J ⋊γ (M/N).
Proof. Since J is normal in I, it follows that so is CI(J). Therefore N is normal in M . In order to
show that N is normal in I it suffices to prove for every n in N , j in J , and m in M the element
jmn is in N . Since N is normal in M , the element mn is in N . Since J commutes with N it follows
that jmn = j(mn) = mn. It is now clear that jmn is in N , and therefore (1) is proven.
The homomorphism γ is well defined because N commutes with J . It remains to show that γ
is injective. Indeed if γ(mN) = id then for every j ∈ J , we have mj = j. Therefore m commutes
with J . Since m is also in M , we conclude that it is in N . Therefore mN = N . This proves (2).
It is now an easy verification that the map I = J ⋊M → J ⋊γ (M/N) taking jm, where j ∈ J
and m ∈M , to (j,mN) is a well-defined homomorphism with kernel N , proving (3). 
We are now ready to prove Theorem 3.2:
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Proof. (Theorem 3.2) Let ρ be a κ(Y )-embedding of κ(X) into κ(X¯), and let s = Ψ−1(ρ(κ(X)))
be the corresponding section of f .
Let V be the intersection of s(Gal(Ksep/K)) = Gal(κ(X¯)/ρ(κ(X))) with the centralizer of G
in Gal(κ(X¯)/κ(Y )). Applying Lemma 3.6 with G in the role of J , s(Gal(Ksep/K)) in the role
of M , V in the role of N , and Gal(κ(X¯)/κ(Y )) in the role of I, we see that V is normal in
Gal(κ(X¯)/κ(Y )), and that Gal(κ(X¯)/κ(Y ))/V is isomorphic to a semi-direct product of G with a
subgroup of Aut(G). In particular, the group V has finite index in Gal(κ(X¯)/κ(Y )), and therefore
so does the compositum GV . Since GV contains G, there exists a finite field extension E′ of
K, contained in Ksep, such that the fixed subfield of κ(X¯) by GV is equal to κ(YE′). Note that
E′ρ(κ(X)) is the fixed subfield of κ(X¯) by V , and therefore we may extend ρ to an embedding of
κ(XE′) into κ(X¯) with image E
′ρ(κ(X)).
By Lemma 3.4 (using the extended embedding ρ), the map XE′ → YE′ is Galois because the
image of the restriction of s to Gal(Ksep/E′) commutes with G. If L is any finite separable extension
of K for which XL → YL is Galois, then again by Lemma 3.4, the image of the restriction of s
to Gal(Ksep/L) commutes with G. But this implies that Gal(κ(X¯)/κ(YL)) is contained in GV .
Therefore E′ is contained in all such L, and is in fact the unique minimal one. Therefore E′ is
equal to E, which concludes the proof of assertion (1).
The group Gal(E/K) ∼= Gal(κ(YE)/κ(Y )) is isomorphic s(Gal(K
sep/K))/V by the second iso-
morphism theorem. It follows from the above that Gal(E/K) embeds into Aut(G). This proves
assertion (2) of Theorem 3.2.
Assertion (3) of Lemma 3.6, applied to our situation as above, implies that the field extension
κ(XE)/κ(Y ) is Galois with Galois group isomorphic to G⋊H (where the action of H on G is given
by the embedding of H in Aut(G)); and that furthermore, we have κ(XE)
G = κ(YE), thus proving
assertion (3) of Theorem 3.2.
In order to prove assertion (4) of Theorem 3.2, it suffices to prove that V is the normal core of
s(Gal(Ksep/K)) in Gal(κ(X¯)/κ(Y )) (i.e., the intersection of the groups σ−1s(Gal(Ksep/K))σ as σ
goes over Gal(κ(X¯)/κ(Y ))).
Note that for any τ and τ ′ in s(Gal(Ksep/K)) and g ∈ G, the equality gτ = τ ′g implies that the
restrictions of τ and τ ′ to Ksep are equal, and therefore (since s is a section) that τ = τ ′. Therefore
the normal core of s(Gal(Ksep/K)) in Gal(κ(X¯)/κ(Y )) can be described as:
{τ ∈ s(Gal(Ksep/K))|∀σ ∈ Gal(κ(X¯)/κ(Y ))∃τ ′ ∈ s(Gal(Ksep/K)) s. t. στ = τ ′σ}
= {τ ∈ s(Gal(Ksep/K))|∀g ∈ G∃τ ′ ∈ s(Gal(Ksep/K)) s. t. gτ = τ ′g}
= {τ ∈ s(Gal(Ksep/K))|∀g ∈ G s. t. gτ = τg} = V

Remark 3.7. The situation of Hypotheses 3.1 in the special case that K is a number field, and
Y = P1K , is of particular interest in the study of the Inverse Galois Problem. In this situation,
recall from [CH85] that the field of moduli M of X¯ → P1
Q¯
as a G-Galois branched cover is the
intersection of all of its fields of definition as a G-Galois branched cover, but is not necessarily one
itself. Moreover, since M contains the field of moduli of X¯ → P1
Q¯
as a mere cover, it is a field
of definition as a mere cover. (The arguments in [CH85] in fact generalize easily to Hypotheses
3.1 with the extra assumptions that K is a number field and that Y has an unramified K-rational
point. However, for simplicity’s sake, we will continue to assume Y = P1K throughout the remainder
of Part I.) In light of the fact that every mere cover model has a unique minimal field of definition
for its Galois action (as proven in Theorem 3.2), one can explain the failure of M to be a field of
definition as a G-Galois branched cover as the combination of two factors:
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(1) Theorem 3.2 gives a unique minimal field of definition as a G-Galois branched cover for any
particular mere cover model over M . However each model might give a different minimal
field of definition. Therefore the non-uniqueness of a model of X¯ → P1
Q¯
over M contributes
to the plurality of the minimal fields of definition.
(2) If L is an overfield of M , then there may be a mere cover model of X¯ → P1
Q¯
over L that
does not descend to a mere cover model over M . Indeed, this is always the case if G is not
abelian, as the following construction shows.
LetW be the compositum of all of the Galois field extensions ofM having a Galois group
that is isomorphic to a subgroup of Aut(G). The field W is clearly Galois over M , and is
not equal to Q¯. Let L be a finite field extension of W . By Weissauer’s Theorem ([Wei82]),
the field L is Hilbertian. By Theorem 3.2, every mere cover model over M becomes Galois
when base changed to L. Therefore there exists a G-Galois branched cover X → P1L over
L. In particular (since L is Hilbertian), there exists an epimorphism ǫ : Gal(L) ։ G given
by specializing.
Let s : Gal(L)→ Gal(κ(X¯)/L(x)) be the section of
1→ G→ Gal(κ(X¯)/L(x))→ Gal(L)→ 1
given by Ψ−1(ρ(κ(X))) for some embedding ρ of κ(X) into κ(X¯). Let s′ : Gal(L) →
Gal(κ(X¯)/L(x)) be the map defined by σ 7→ ǫ(σ)s(σ). Since s(Gal(L)) commutes with G
(by Lemma 3.4), the map s′ is in fact a homomorphism. In fact, it is easy to check that s′
is a section of the above short exact sequence.
Since we assume that G is not abelian, there exist elements g and h in G that don’t
commute. Let τ be ǫ−1(h). The elements s′(τ) and g do not commute:
[s′(τ), g] = [ǫ(τ)s(τ), g] = [h · s(τ), g] = [h, g] 6= 1
Therefore, by Lemma 3.4, the mere cover model of X¯ → P1
Q¯
over L that corresponds to
the section s′ is not Galois. Assume that this mere cover model descends to M . Then by
Theorem 3.2, it must be Galois when base changed to L, in contradiction to what we have
shown above. Therefore we have constructed a mere cover model of X¯ → P1
Q¯
over L that
does not descend to M .
As an immediate corollary of Theorem 3.2 we have:
Corollary 3.8. Let K be a number field, let G be a finite group, and let X¯ → P1
Q¯
be a G-Galois
branched cover over Q¯. Let F be the field of moduli of X¯ → P1
Q¯
as a mere cover, and let M be the
field of moduli of X¯ → P1
Q¯
as a G-Galois branched cover. Then M is Galois over F with Galois
group a subquotient of Aut(G).
Proof. In light of Theorem 3.2, it suffices to show that M is Galois over F . As mention in Remark
3.7, it was proven in [CH85] that M is the intersection of all of the fields of definition as a G-Galois
branched cover. It therefore suffices to prove that for every field of definition L of X¯ → P1
Q¯
as
a G-Galois branched cover, and for every σ in Gal(Q¯/F ), the field σL is also a field of definition
as a G-Galois branched cover. Let X → P1L be an L-model as a G-Galois branched cover, and
let X ×L σL → P
1
σL be its twist by σ. This cover is clearly Galois. Furthermore, note that
X ×L σL→ P
1
σL is a mere cover model over σL of the cover X¯ → P
1
Q¯
after it has been twisted by
σ. Indeed, by the definition of F , the cover resulting from twisting X¯ → P1
Q¯
by σ is isomorphic to
X¯ → P1
Q¯
as a mere cover. Therefore σL is a field of definition of X¯ → P1
Q¯
as a mere cover, and
8 HILAF HASSON
X ×L σL→ P
1
σL is a mere cover model of this cover that is Galois. In other words, the field σL is
field of definition of X¯ → P1
Q¯
as a G-Galois branched cover, which is what we wanted to prove. 
4. Part II - K is a Field of Definition as a G-Galois Branched Cover
This section will refer to the following situation.
Hypotheses 4.1. The same as Hypotheses 2.4, with the extra assumption that K is a field of
definition of X¯ → Y¯ as a G-Galois branched cover.
Whenever we assume the above hypotheses, we will use the following notation.
Notation 4.2. In the situation of Hypotheses 4.1, let B¯ be the branch divisor of X¯ → Y¯ , and let
B ⊂ Y be the Zariski closure of B¯ in Y . Let Y ∗ = Y r B (and Y¯ ∗ = Y ∗Ksep), and fix a geometric
point t0 of Y¯
∗. We have the short exact sequence of e´tale fundamental groups:
1→ π1(Y¯
∗, t0)→ π1(Y
∗, t0)→ Gal(K
sep/K)→ 1
Every K-rational point P of Y ∗ induces a section, which is defined up to conjugation by an element
of π1(Y
∗, t0). We denote this associated section by the notation sP .
Every G-Galois model X → Y defines an epimorphism βX : π1(Y
∗, t0) ։ G up to conjugation
by an element of G. For every P ∈ Y ∗(K), let φXP = β
X ◦ sP . Notice that it too is well defined up
to conjugation by an element of G.
Definition 4.3. If a homomorphism ϕ from Gal(Ksep/K) to G is equal to φXP when considered
modulo conjugation in G, then we say that ϕ is a lift of φXP .
Remark 4.4. Note that for every P ∈ Y ∗(K) the field (Ksep)ker(φ
X
P
) is well defined (i.e., is inde-
pendent of the lift of φXP ), and that the specialization of X → Y at P is an e´tale algebra extension
Spec(
∏m
i=1 Li) → Spec(K), where the Li’s are all isomorphic to (K
sep)ker(φ
X
P
) as mere field exten-
sions over K. This observation justifies calling (Ksep)ker(φ
X
P
) the field induced by specializing X → Y
at P .
Notation 4.5. In the situation of Hypotheses 4.1, let X → Y be a G-Galois model of X¯ → Y¯ ,
and let P be in Y ∗(K). We will denote the field (Ksep)ker(φ
X
P
) induced by specializing X → Y at
P by LXP . Furthermore, we will use the notation
LP = ∩{X/Y a G-Galois model}L
X
P .
Convention 4.6. In the remainder of this section, I will use the convention that, in the situation
of Hypotheses 4.1, mere cover models of X¯ → Y¯ that are not assumed to be Galois will be adorned
with a tilde (e.g., X˜ → Y ), whereas ones that are assumed to be Galois will be written without a
tilde (e.g., X → Y ).
The main theorem of this section says that in the situation of Hypotheses 4.1, as opposed to the
situation of Hypotheses 3.1, we are able to give an explicit field that contains the minimal field of
Galois action of any mere cover model X → Y , assuming X has a K-rational point.
Theorem 4.7. In the situation of Hypotheses 4.1, let X˜ → Y be a mere cover model of X¯ → Y¯
that has an unramified K-rational point above some point P in Y ∗(K). Then X˜ → Y becomes
Galois when base changed to LP . Furthermore, if X → Y is a particular G-Galois model, then the
base change of X˜ → Y to LXP is isomorphic to the base change of X → Y to L
X
P as mere cover
models.
The same proof mechanism that gives Theorem 4.7 also gives the following theorem for free:
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Theorem 4.8. In the situation of Hypotheses 4.1, there exists an equivalence relation “≡” on
Y ∗(K) such that the following hold:
(1) For every mere cover model X˜ → Y of X¯ → Y¯ , if X˜ has an unramified K-rational point
then there exists a P ∈ Y ∗(K), and a natural number d, which is divisible by |Z(G)| and
divides |G|, such that for every point Q ∈ Y ∗(K) the fiber over Q contains exactly d many
K-rational points if Q ≡ P and 0 otherwise.
(2) For every P ∈ Y ∗(K) there exists a unique (up to isomorphism) mere cover model X˜ → Y
of X¯ → Y¯ such that the unramified K-rational points of X˜ lie exactly above its equivalence
class [P ]≡. Furthermore, if d is the number of K-rational points of X˜ in the fiber of each
Q ∈ [P ]≡, then X˜ → Y has precisely |G|/d many Galois conjugates.
(3) Let X → Y be a G-Galois model of X¯ → Y¯ over K, and let P and Q be two points in
Y ∗(K). Then P ≡ Q if and only if φXP and φ
X
Q are equal (up to conjugation in G).
Remark 4.9. Notice that the Galois group Gal(LXP /K) comes equipped with a homomorphism to
G (unique up to conjugation in G). In particular if img(φXP ) = G then L
X
P /K is equipped with the
structure of a G-Galois extension of K. Furthermore, if P and Q are two K-rational points of Y
such that img(φXP ) = img(φ
X
Q ) = G (or equivalently if the specializations of X/Y at P1 and P2 are
G-Galois field extensions of K) then φXP and φ
X
Q are equal (modulo conjugation in G) if and only
if the field extensions induced by specializing X → Y at P and at Q are isomorphic as G-Galois
extensions of K.
Both Theorem 4.7 and Theorem 4.8 follow from the observation (Lemma 4.16) that every mere
cover model of X¯ → Y¯ over K is the “twist” of every G-Galois model, in the sense that I will
describe below. (It is in this context that Theorem 4.8 can be viewed as a reverse version of “The
Twisting Lemma”; see [DG12], as well as Lemma 4.13 appearing in the following subsection.)
4.1. Twisted Covers. We will be using the notion of twisting a G-Galois model by a homomor-
phism from Gal(Ksep/K) to G. This concept can be viewed as a special case of the notion of a
“contracted product” in the theory of torsors. (See [DG70], III.4.1; [Sko01], 2.2.) Pierre De`bes, in a
series of papers beginning with [De`b99], has applied this notion in order to study the specializations
of G-Galois branched covers.
So that I may define “twists” I will need the following well-known proposition:
Proposition 4.10. Let Y be an integral regular scheme, and let B be a reduced codimension 1
subscheme of Y . Let t0 be a geometric point of Y r B. Then there is a bijection between the
following:
(1) Homomorphisms from π1(Y rB, t0) to Sn, modulo conjugation in Sn.
(2) Equivalence classes of (mere) covers of Y of degree n that are unramified away from B.
This bijection is given by mapping γ : π1(Y r B, t0) → Sn to the cover defined by the subgroup
γ−1({σ ∈ Sn|σ(1) = 1}) of π1(Y rB, t0).
Definition 4.11. In the situation of Hypotheses 4.1, let r : π1(Y
∗, t0)→ Gal(K
sep/K) be the map
induced by the structure morphism, let SG denote the group of permutation on the elements of the
group G, and let X → Y be the G-Galois model of X¯ → Y¯ over K induced by an epimorphism
β : π1(Y
∗, t0) ։ G. Let α be some homomorphism from Gal(K
sep/K) to G. We define the twist
Xα → Y of X → Y by α to be the mere cover model induced (as in Proposition 4.10) by the
homomorphism:
π1(Y
∗, t0)→ SG
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given by σ 7→ fσ, where fσ is the permutation on the elements of G given by
h 7→ β(σ) · h · (α(r(σ)))−1.
Remark 4.12.
(1) Note that since π1(Y¯
∗, t0) is equal to the kernel of r, the twisted cover X
α → Y is in fact a
mere cover model of X¯ → Y¯ .
Furthermore, an easy check shows that Definition 4.11 depends only on the G-Galois
model, and not on the epimorphism β. This follows from the fact that the G-Galois model
X → Y fixes β up to conjugation in G. Indeed, if β′ = g−1βg for some g ∈ G, then the
homomorphism from π1(Y
∗, t0) to SG associated to β
′ is conjugate to the one associated to
β by the permutation that takes h to g−1h.
(2) I have chosen to loosely follow the conventions used in [DG12]. Texts that use the “con-
tracted product” definition (as appearing in [Sko01], 2.2) tend not to focus on the case where
the structure group is a finite constant group scheme, and in particular don’t highlight the
study of mere cover models of a given G-Galois branched cover over Ksep.
The following is a slight strengthening (see Remark 4.14) of the version of the “Twisting Lemma”
appearing in [DG12], Section 2.
Lemma 4.13. (The Twisting Lemma) In the situation of Hypotheses 4.1, let P be an unramified
K-rational point of Y and let α : Gal(Ksep/K)→ G be a homomorphism. Then:
(1) The homomorphism α is a lift of φXP (see Definition 4.3) if and only if X
α → Y has a
K-rational point over P .
(2) For such a point, the number of K-rational points above P is equal to the order of the
centralizer CG(img(α)) of img(α) in G.
Proof. The point P induces a section sP : Gal(K
sep/K) → π1(Y
∗, t0), defined up to conjugation
in π1(Y
∗, t0). For the remainder of the proof, fix a representative of sP , and fix an epimorphism
β : π1(Y
∗, t0) ։ G that induces the G-Galois model X → Y . Note that ϕ
X
P := β ◦ sP is a lift of
φXP .
The set of rational points above P is in bijection with the set of elements of G fixed by {fsP (τ)|τ ∈
Gal(Ksep/K)} ⊂ SG. (See Definition 4.11.) In particular there exists a K-rational point in X
α
above P if and only if there exists an element h ∈ G such that for every τ ∈ Gal(Ksep/K) we have
h = β(sP (τ)) · h · α(r(sP (τ)))
−1(= ϕXP (τ) · h · α(τ)
−1). Therefore, there exists a K-rational point
in Xα above P if and only if there exists an h ∈ G such that ϕXP = hαh
−1 : Gal(Ksep/K) → G,
proving the first assertion in the lemma.
Assume there exists an h ∈ G as above. Then h′ ∈ G also satisfies ϕXP = h
′αh′−1 if and only if α =
h′−1hα(h′−1h)−1. In other words, if and only if h′−1 is an element of CG(img(α))h
−1. Therefore,
if there exists at least one K-rational point in Xα above P , there exist precisely |CG(img(α))|
many. 
Remark 4.14. Assertion (1) of Lemma 4.13 above is precisely Lemma 2.1 in [DG12], and assertion
(2) is the strengthening. I will need assertion (2) in the proof of Theorem 4.8.
The remainder of this subsection is devoted to proving a few observations about twisted covers
that will be helpful in the proof of Theorems 4.7 and 4.8. We will freely make use of the set Ω and
bijection Ψ introduced in Part I of this paper.
Notation 4.15. In order to simply notation, for every field F in Ω we will denote the section
Ψ−1(F ) by wF .
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Under Hypotheses 4.1, we have the following short exact sequence:
1→ Gal(κ(X¯)/κ(Y¯ ))→ Gal(κ(X¯)/κ(Y ))
r′
−→ Gal(Ksep/K)→ 1
Every field F in Ω induces an isomorphism of group extensions:
1 Gal(κ(X¯)/κ(Y¯ )) Gal(κ(X¯)/κ(Y )) Gal(Ksep/K) 1.............................................................. ............................................................... ...............................
r′
...........................
.
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with inverse (Φ ×wF )
−1 : Gal(κ(X¯)/κ(Y ))→ G×Gal(Ksep/K) taking σ to (Φ−1(σ|F ), r
′(σ)).
There is a natural bijection between Hom(Gal(Ksep/K), G) and Sec(p) taking a homomorphism
α ∈ Hom(Gal(Ksep/K), G) to the section that takes τ ∈ Gal(Ksep/K) to (α(τ), τ). Therefore, via
this isomorphism of group extensions above, the field F induces a bijection
ΣF : Hom(Gal(K
sep/K), G) → Sec(r′) taking a homomorphism α ∈ Hom(Gal(Ksep/K), G) to the
section that takes τ ∈ Gal(Ksep/K) to Φ(α(τ))wF (τ).
Lemma 4.16. In the situation above, let X → Y be a G-Galois model of X¯ → Y¯ , and let α be a
homomorphism in Hom(Gal(Ksep/K), G). Let ρ be a κ(Y )-embedding of κ(X) into κ(X¯). Then the
mere cover model Xα → Y is isomorphic to the mere cover model associated with Ψ(Σρ(κ(X))(α)).
In particular, since Ψ ◦ Σρ(κ(X)) is a bijection, every mere cover model is the twist of X → Y .
Proof. Let t1 be a geometric point of X¯ lying above t0, and let R be the ramification divisor of
X → Y . Then we have the following commutative diagram:
1 G ∼= Gal(κ(X¯)/κ(Y¯ )) Gal(κ(X¯)/κ(Y )) Gal(Ksep/K) 1................................................ ................................................
i′
...........................
.
.
.
.
r′
...........................
.
.
.
.
1 π1(Y¯ r B¯, t0) π1(Y rB, t0) Gal(K
sep/K) 1........................................................................ ..................................................................................
i
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r
...........................
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1 1
1 1
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Let β′ : Gal(κ(X¯)/κ(Y )) ։ G be defined by taking σ to Φ−1(σ|ρ(κ(X))), and let β : π1(Y r
B, t0)։ G be the composition β
′ ◦ g′.
By Definition 4.11 and Proposition 4.10, it follows that the mere cover model Xα → Y corre-
sponds to the subgroup of π1(Y rB, t0) defined by
Hα = {σ ∈ π1(Y rB, t0)|α(r(σ)) = β(σ)}.
In other words, there exists a κ(Y )-embedding ρα of κ(Xα) into κ(X¯) such that
Gal(κ(X¯)/ρα(κ(Xα))) is equal to Hα/(π1(X¯ r R¯, t1)). (The group Hα contains π1(X¯ r R¯, t1)
because Xα → Y is a mere cover model.)
By the commutativity of the above diagram we have the presentation:
Hα/(π1(X¯ r R¯, t1)) = {σ ∈ Gal(κ(X¯)/κ(Y ))|α(r
′(σ)) = β′(σ)}
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Let p1 and p2 be the projection maps of G×Gal(K
sep/K) to G and Gal(Ksep/K) respectively.
It is easy to see that p1 ◦ (Φ× wρ(κ(X)))
−1 = β′ and p2 ◦ (Φ× wρ(κ(X)))
−1 = r′. Therefore:
Hα/(π1(X¯ r R¯, t1)) = {σ ∈ Gal(κ(X¯)/κ(Y ))|α(r
′(σ)) = β′(σ)}
= {σ ∈ Gal(κ(X¯)/κ(Y ))|α((p2 ◦ (Φ× wρ(κ(X)))
−1)(σ)) = (p1 ◦ (Φ× wρ(κ(X)))
−1)(σ)}
= (Φ× wρ(κ(X)))({(h, τ) ∈ G×Gal(K
sep/K)|h = α(τ)}) = img(Σρ(κ(X))(α))
Therefore ρα(κ(Xα)) = Ψ(Σρ(κ(X))(α)), which implies that X
α → Y is isomorphic to the mere
cover model induced by Ψ(Σρ(κ(X))(α)).

Remark 4.17. In the situation of Lemma 4.16, note that different choices of G-Galois models
would yield different bijections between Hom(Gal(Ksep/K), G) and the set Ω. This is because
different G-Galois models yield different isomorphisms of Gal(κ(X¯)/κ(Y )) with G×Gal(Ksep/K).
Furthermore, as an immediate consequence of Lemma 4.16 we see that every mere cover model
is not only the twist of some G-Galois model, but of every G-Galois model.
Lemma 4.18. In the situation of Hypotheses 4.1, let X → Y be a G-Galois model of X¯ → Y¯ , and
let α be a homomorphism Gal(Ksep/K) → G. Then the twisted cover Xα → Y is Galois if and
only if the image of α is contained in Z(G).
Proof. Let ρ be a κ(Y )-embedding of κ(X) into κ(X¯). By Lemma 4.16, there exists a κ(Y )-
embedding ρα of κ(Xα) into κ(X¯) such that ρα(κ(Xα)) = Ψ(Σρ(κ(X))(α)).
By Lemma 3.4, the mere cover model Xα → Y is Galois if and only if the image of Σρ(κ(X))(α)
commutes with G. Thus, the mere cover Xα → Y is Galois if and only if for every τ ∈ Gal(Ksep/K)
the element (α(τ), τ) ∈ G × Gal(Ksep/K) commutes with G × 1. Equivalently, if and only if the
image of α is contained in Z(G). 
4.2. Proof of Theorems 4.7 and 4.8.
Definition 4.19. In the situation of Hypotheses 4.1, for every G-Galois model X → Y of X¯ → Y¯
over K, define an equivalence relation “≡X/Y ” on Y
∗(K) by:
P ≡X/Y Q ⇐⇒ φ
X
P and φ
X
Q are equal (up to conjugation by an element of G).
Lemma 4.20. In the situation of Hypotheses 4.1, let X → Y and X ′ → Y be two G-Galois models
of X¯ → Y¯ . Then the equivalence relations “≡X/Y ” and “≡X′/Y ” on Y
∗(K) are equal.
Proof. Let P and Q be two points in Y ∗(K), and let ϕXP be a lift of φ
X
P . By the Twisting Lemma
(Lemma 4.13), the condition P ≡X/Y Q is equivalent to the existence of a K-rational point in X
ϕX
P
above Q. We will show that P ≡X′/Y Q is also equivalent to this condition.
By Lemma 4.16 and Remark 4.17, the mere cover model Xϕ
X
P → Y is a twist not only of X → Y ,
but also of X ′ → Y . In other words, there exists a homomorphism α : Gal(Ksep/K) → G, such
that Xϕ
X
P → Y is isomorphic to X ′α → Y as mere covers. By Lemma 4.13, we see that Xϕ
X
P → Y
(and therefore also X ′α → Y ) has a K-rational point above P . Therefore, again by Lemma 4.13,
we see that α is a lift of φX
′
P . Therefore the condition P ≡X′/Y Q is equivalent to α being a lift
of φX
′
Q , which by Lemma 4.13 is equivalent to the existence of a K-rational point in X
′α above Q.
Since Xϕ
X
P → Y and X ′α → Y are isomorphic as mere cover models, we proved that the condition
P ≡X′/Y Q is equivalent to the existence of a K-rational point in X
ϕX
P above Q, as we wanted to
prove.

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Since we proved that ≡X/Y is independent of the G-Galois model, we may denote it simply by
≡. We will now show that this equivalence relation satisfies Theorem 4.8.
Proof. (of Theorem 4.8)
Proof of (1): Let X → Y be a G-Galois model of X¯ → Y¯ , and let X˜ → Y be a mere cover model
of it. Let P be a point in Y ∗(K) such that its fiber in X˜ has a rational point. By Lemma 4.16,
there exists a homomorphism α : Gal(Ksep/K) → G such that X˜ → Y is isomorphic to Xα → Y
as mere covers. Since Xα has a K-rational point over P , then by Lemma 4.13 it follows that α is a
lift of φXP . Therefore, by definition, a point Q in Y
∗(K) satisfies P ≡ Q if and only if α is a lift of
φXQ . Again by Lemma 4.13, this implies that P ≡ Q if and only if X˜ has a K-rational point over
Q. Furthermore, by assertion (2) of Lemma 4.13, the number of K-rational point in X˜ above any
Q ∈ [P ]≡ is equal to |CG(img(α))|, and therefore divides |G| and is divisible by |Z(G)|.
Proof of (2): Let X → Y be a G-Galois model of X¯ → Y¯ , and let ϕXP be a lift of φ
X
P . By Lemma
4.13, the twisted cover Xϕ
X
P → Y has a K-rational point above P . Therefore, by assertion (1)
of Theorem 4.8, the twisted cover Xϕ
X
P → Y satisfies that its K-rational points lie exactly above
[P ]≡. This proves existence.
By Lemma 4.16 all mere covers are isomorphic to twists of X → Y by homomorphisms from
Gal(Ksep/K) to G. For such a homomorphism α, Lemma 4.13 implies that Xα has a K-rational
point above P (and therefore, by (1), exactly above the equivalence class [P ]≡) if and only if α
is conjugate to ϕXP in G. In other words, if and only if α and ϕ
X
P induce isomorphic mere cover
models.
The number of Galois conjugates ofXϕ
X
P → Y is equal to the number of different homomorphisms
from Gal(Ksep/K) to G that are conjugate to ϕXKP in G, namely to (G : CG(img(ϕ
XK
P ))). Therefore,
since d = |CG(img(α))|, we are done
Proof of (3): Follows from the fact that ≡ is well defined (Lemma 4.20). 
We can now prove Theorem 4.7:
Proof. (of Theorem 4.7)
Let X → Y be a G-Galois model of X¯ → Y¯ . By Lemma 4.16, there exists a homomorphism
α : Gal(Ksep/K) → G such that X˜ → Y is isomorphic to Xα → Y as mere cover models.
Furthermore, it is easy to see from Lemma 4.16 that for every overfield L/K, the base change of
the twisted cover Xα → Y to L is just the twist of X → Y by the restriction of α to Gal(Ksep/L).
Therefore, Lemma 4.18 implies that the field (Ksep)α
−1(Z(G)) is the unique minimal field where
Xα → Y becomes Galois.
Since X˜ has a K-rational point above P , by Lemma 4.13 the homomorphism α is a lift of φXP .
Therefore (Ksep)α
−1(Z(G)) is contained in (Ksep)kerφ
X
P = LXP . Since this holds for every G-Galois
model X → Y , it follows that (Ksep)α
−1(Z(G)) is contain in LP . Therefore X˜ → Y becomes Galois
when base changed to LP .
Fix a G-Galois model X → Y of X¯ → Y¯ . Let 1 : Gal(LXP ) → G denote the map that sends all
of Gal(LXP ) to 1. Since the restriction of α to L
X
P equals 1, the base change of X
α → Y to LXP is
the twist X1
LX
P
→ YLX
P
of XLX
P
→ YLX
P
by 1. This mere cover is clearly isomorphic to XLX
P
→ YLX
P
as a mere cover. 
4.3. Appendix - Adjoining Roots of Unity to a Field of Moduli to get a Field of Def-
inition. Theorem 3.2 in Part I describes a general relationship between the field of moduli and
fields of definition. In this section we observe (Proposition 4.21) the existence of a particular field
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of definition (infinite over the field of moduli) with special properties. This allows us to prove a
purely field-theoretic result (Corollary 4.22) towards the Inverse Galois Problem.
Let G be a finite group, and let X¯ → Y¯ be a G-Galois branched cover of varieties over Q¯. As
noted in Remark 3.7, its field of moduli M as a G-Galois branched cover may not be a field of
definition as a G-Galois branched cover. However, Coombes and Harbater ([CH85]) proved that
the field ∪nM(ζn) resulting from adjoining all of the roots of unity to M is a field of definition.
(Here ζn is defined to be e
2pii
n .) The following is a strengthening of this result.
Proposition 4.21. In the situation above, the field ∪{n|∃m:n| |Z(G)|m}M(ζn) is a field of definition.
In particular, there exists a field of definition (finite over Q) that is ramified over the field of moduli
M only over the primes that divide |Z(G)|.
Proof. If G is centerless, then the cover is defined over its field of moduli ([CH85]) and therefore
the theorem follows. Otherwise ∪{n|∃m:n| |Z(G)|m}M(ζn) satisfies the hypotheses of Proposition 9 in
Chapter II of [Ser94]. We conclude that cdp(∪{n|∃m:n| |Z(G)|m}M(ζn)) ≤ 1 for every prime p that
divides |Z(G)|. This implies that H2(∪{n|∃m:n| |Z(G)|m}M(ζn), Z(G)) is trivial. As the obstruction
for this field to be a field of definition lies in this group ([De`b02]), we are done. 
We get the following corollary:
Corollary 4.22. There is an extension of number fields Q ⊂ E ⊂ F such that F/E is G-Galois,
and E/Q ramifies only over those primes that divide |G|.
Proof. Let r be the minimal number of generators of G. Let p be a prime that divides |G|, and let
n be a natural number such that r ≤ pn. Let T be the set of (pn)th roots of unity. Since r ≤ |T |,
a standard argument (see [Har03]) using Riemann’s Existence Theorem shows that there exists a
G-Galois branched cover X¯ → P1
Q¯
, ramified at most over T . Let M be its field of moduli as a
G-Galois branched cover.
It is easy to check that the points of T , viewed as horizontal divisors in P1Z, coalesce only over
the prime p. Therefore, by [Bec89], the field extension M/Q ramifies only over primes that divide
|G|. By Proposition 4.21, there exists a field of definition E/M of X¯ → P1
Q¯
as a G-Galois branched
cover such that E/M ramifies only over primes that divide |G|. Therefore E/Q ramifies only over
primes that divide |G|. The corollary now follows by applying Hilbert’s Irreducibility Theorem. 
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